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Abstract 
We calculate the hadronic light-by-light contributions to the muon g - 2. We use both l /Nc  
and chiral counting to organize the calculation. Then we calculate the leading and next-to-leading 
order in the 1~No expansion low energy contributions u ing the Extended Nambu-Jona-Lasinio 
model as hadronic model. We do that to all orders in the external momenta nd quark masses 
expansion. Although the hadronic light-by-light contributions to muon g - 2 are not saturated 
by these low energy contributions we estimate them conservatively. A detailed analysis of the 
different hadronic light-by-light contributions to muon g - 2 is done. The dominant contribution 
light-by-light is the twice anomalous pseudoscalar exchange diagram. The final result we get is a u = 
( -9.2 4- 3.2) x 10 -t°. This is between two and three times the expected experimental uncertainty 
at the forthcoming BNL muon g -  2 experiment. 
PACS: 13.40.Em; 11.15.Pg; 12.20.Fv; 14.60.Ef 
Keywords: Muon; Anomalous magnetic moment; Hadronic physics 
1. Introduction 
The forthcoming experiment at Brookhaven National Laboratory (BNL) [ 1 ] plans 
to measure the anomalous magnetic moment of the muon au = (gu - 2 ) /2  with an 
accuracy around 4-4 × 10 -t°,  improving by a factor more than twenty the previous 
experimental determination at CERN [2], 
a~eXP = 11659230(84) × 10 - l° .  (1.1) 
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CSIC - Universitat de Val6ncia, C/del  Dr. Moliner 50, E-46100 Burjassot (Valencia), Spain. 
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This expected impressive performance has motivated the recent raised interest in ob- 
taining a more accurate theoretical prediction of a~ within the Standard Model (SM) 
(for reviews, see [ 3 ] ). One of the reasons is that with a theoretical uncertainty of the 
same order as the aimed BNL uncertainty, the anomalous magnetic moment of the muon 
could become a precision test of the quantum corrections of the electroweak sector of 
the Standard Model. The one-loop electroweak contributions to a~ are [4] 
aEW(one-loop) = 19.5(0.1) × 10 -l°. (1.2) 
These are order m2GF with GF the Fermi coupling constant and m the muon mass. 
Electroweak contributions from two-loops [5] of order m2GF(a/Tr) have been recently 
reanalyzed by [6,7] for the fermionic part and by [8] for the bosonic one, with the 
result [ 8 ] 
aEW(two-loops) =--4.4(0.4) × 10 -1°. (1.3) 
With the same low theoretical nd experimental uncertainties, and when combined with 
other high precision results, from the LEP experiments and elsewhere, a~ would become 
an excellent probe of physics beyond the Standard Model (extra WR, L gauge bosons, 
Z ~ bosons, extra Higgs bosons, SUSY, . . . ) .  For a study of the sensitivity of a~ to new 
physics, see for instance [9]. 
In the Standard Model, the contributions to a~ fall into three categories: the pure 
electromagnetic (QED) contributions, the electroweak contributions discussed above 
and the hadronic contributions. The QED contributions have been calculated and/or 
estimated up to order (a/zr)  5. They give the bulk of the value of al,. For an updated 
value of a QED , see [8] and references therein. A review of the QED calculations i in 
[9]. The result is 
aQED= 11 658470.6(0.2) × 10 -1° . (1.4) 
The main actual source of theoretical uncertainty still remains in the hadronic con- 
tributions. The leading hadronic contributions are of two types: the vacuum polariza- 
tion and the light-by-light scattering contributions. The hadronic vacuum polarization 
contributions are the major source of uncertainty at present. Fortunately, they can be 
related through a dispersion relation to the experimental ratio R(s)  - tr(e+e - 
hadrons)/tr(e+e - ~ iz+iz - )  [ 10]. The planned improvement of the experimental de- 
termination of R(s)  in e.g. BEPC at Beijing, DA~NE at Frascati, and VEPP-2M at 
Novosibirsk will significantly reduce this uncertainty. A recent reanalysis of the contri- 
bution of the full photon vacuum polarization insertion into the electromagnetic vertex 
of the muon can be found in [ 11,12]. In [ 11], using experimental data, they find 
vac.pol. ---- 725.04(15.76) × 10 -1°. (1.5) at, 
In [ 12], using experimental data below 2 GeV 2 and accurate QCD calculations above 
this scale, they find 
vac.pol. = 711.34(10.25) × 10 -l°. (1.6) a u 
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An alternative attempt to compute it at lowest order (a/Tr) 2 within the same low energy 
model we use in this work can be found in [ 13,14]. At order (ce/Tr) 3 there appear other 
hadronic vacuum polarization contributions that also can be expressed as a convolution 
of R(s )  [15]. They have been estimated to be [15,16] 2 
a~aC'p°l'(higher orders) = -19.9(0.4) × 10 -j°. (1.7) 
Unfortunately, the hadronic light-by-light scattering contribution cannot be related to 
any observable and hence we must rely on a purely theoretical framework to calculate 
it. There have been several attempts to calculate this contribution in the past [ 15,16]. 
There has also been recently some discussion about the reliability of this calculation 
[ 17,18]. To pin down this contribution is an important issue since a quick estimate 
yields that it could be of the same order of magnitude as the expected BNL uncertainty. 
Recently, with the aim of reducing as much as possible the theoretical uncertainty 
from this contribution, there have appeared two works, [ 19] and [20], which calculate 
a r ight 'by - l ight  . An extended version of [19] is in [2l] .  This paper is the detailed version 
of [20]. 
The present work is devoted to the calculation of the contributions of the hadronic 
light-by-light scattering to au. A first simplified version and summary of the main results 
of this paper was presented in [20]. A numerical mistake was discovered in the first 
reference of [20] which was corrected in the erratum. Of course, the methods used 
in [19] and [20] are similar and mainly based on the analysis performed in [13]. 
Nevertheless, we want to discuss the main differences in the calculations as well as the 
reasons why we use the Extended Nambu-Jona-Lasinio (ENJL) model for this task. 
The framework we have adopted to calculate the hadronic light-by-light contribution 
is an 1/N¢ expansion within the ENJL model. In Ref. [20] the O(Nc)  leading hadronic 
contributions were presented. The next-to-leading in the 1/Nc expansion effects of the 
U( 1 )a anomaly were also included. There we took as a first estimate the result and 
error for the O( I )  in the 1/N¢ expansion rr + and K + loop contributions from [19]. 
Here we shall come back to all these issues in a more detailed fashion. 
The paper is organized as follows. In Section 2 we present he definitions related 
with the hadronic light-by-light scattering contribution to a~, and specify the method 
we have used to calculate it. In Section 3 we explain why we have chosen the ENJL 
model as a good low energy hadronic model. Its main features and definitions needed 
are also presented here. Section 4 concerns the calculation of the large Nc contributions 
to the hadronic light-by-light scattering to a u. This section also includes an estimation 
of the main next-to-leading in 1/Nc effects coming from the U(1) a anomaly. Various 
checks performed and numerical comparison with other works are also shown here. In 
Section 5 the next-to-leading (O(1)  ) in 1/N~ contributions coming from charged pion 
and kaon loops are discussed. Here, inspired by the ENJL model O(Nc) calculation, we 
will use lowest order Chiral Perturbation Theory (CHPT) modulated with vector meson 
propagators to calculate them. We discuss issues of gauge and chiral invariance there 
2 This number only contains the a 3 corrections ot included in (1.5) or (1.6). 
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Fig. 1. Hadronic light-by-light contribution to au. The bottom line is the muon line. The wavy lines are 
photons and the cross-hatched circle depicts the hadronic part. The cross is an external vector source. 
as well. Then in Section 6 we shall gather the numerical results for the contributions 
analyzed in the previous sections. In Section 7 we discuss the contributions coming 
from the intermediate (between 0.5 GeV and 4 GeV) and higher energy regions to the 
hadronic light-by-light scattering contribution to a~,. In particular, how to estimate them 
and the theoretical error they induce. Finally, Section 8 is devoted to a discussion of 
the results and conclusions. Appendices collecting some analytical expressions are also 
included at the end. 
2. The method and definitions 
The amplitude describing the interaction of a momentum p fermion with an external 
electromagnetic f eld A u with momentum transferred P3 = P - P~ can be written as 
2 .0"~ u _ F3(P3)YS.~mP3 ] u(p),  A4 =_ -lelA~'a(p ') [Fa (p~)3,~, - F2(P3)t-2---~mp 3 2 cr~,u 
(2.1) 
where m is the fermion mass. The form factor d _= -/73 (0) is the electric dipole moment 
and/x = Ft (0) +/72(0) is the magnetic moment of the fermion in magnetons. In the 
Born approximation Fl(0) = 1 and F2(0) = F3(0) = 0. In analogy with the classical 
limit, it is usual to define the gyromagnetic ratio g = 2/z and the anomalous magnetic 
moment as a - (g - 2)/2. 
The hadronic light-by-light scattering contributes to a at order (a/Tr) 3. This is a vector 
four-point function made out of four quark vector currents attached to the fermion line 
with three of its legs coupling to photons in all possible ways and the fourth vector leg 
coupled to the electromagnetic external source. One hadronic light-by-light scattering 
contribution is depicted in Fig. 1. The cross-hatched blob is the hadronic part. The 
momenta in this figure correspond to the first permutation of the three vector legs 
attaching to the fermion. There are five more permutations. 
To extract he hadronic light-by-light scattering contribution to the muon au - (gu - 
2) /2 we shall closely follow Ref. [22] and use the first permutation shown in Fig. 1 
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as an example. The hadronic light-by-light contribution to A,4 is 
f d4pl f d4p2 1 
A4=le[Val~ (-~g~)4 j (27r)4 z 2 2 2 q PlP2(P4 - m2)(P~ m2) 
x//P~'a/3 (pl ,p2, p3 )u(pt)ya( 1~4 + m)y~( 1~5 + m)ypu(p )
+five more permutations, (2.2) 
where we have explicitly given the contribution from the permutation in Fig. 1. In 
Eq. (2 .2 ) ,  m is the mass of the muon and l lP~#(pl ,P2,P3) is the four-point function 
(Pl, P2, P3 ) :- Z IlPa;fff (Pl, P2, P3 ) 
a,b,c,d 
-~ ~ Z i3id4x/d4Yld4ze i(p'x+p,'y+p,'z) 
a,b,c,d 
x (01T(VaP (0)Vf,(x)Vc'~(y) Vf(Z ))10). (2.3) 
Vff(x) -- Qi [gli(X)'ytZqi(x)], qi is a quark of flavour i and Qi its electric harge in units 
of lel . Summation over colour between brackets is understood. The explicit calculation 
of HP'~(pl  ,P2,P3) in the Standard Model is the subject of the next sections. 
The reason for the factor 1/6 in the definition of IIPU'~B(pl,P2,P3) is the following. 
This four-point function has six contributions due to Bose symmetry of the vector legs, 
but these permutations are just giving the same six permutations we already took into 
account in Eq. (2.2). What we do is to calculate with both the six permutations of 
the four-point function vertices and the six permutations of the points where photons 
connect o the muon line and therefore we have to divide by six the four-point function 
not to make double counting. This will be very useful since we can now use both U(1) 
gauge invariance in the construction of IIP"°'~(pl ,P2,P3) (see Appendix A) and in the 
electromagnetic vertices on the muon line. 
Because of the U( 1 ) gauge invariance, the sum over all six permutations contributing 
to HP'~'8(pl,p2,P3) has to be UV finite in renormalizable theories as the Standard 
Model. This is true for the sum of all the permutations of a given class of contributions 
to IIPUa#(pl ,P2,P3 ). However, each single permutation can be divergent. This is the 
case for the one fermion loop contribution where some permutations are UV logarith- 
mically divergent. In order not to rely on numerical dangerous cancellations, we write 
HPU~'~(Pl ,P2,P3) in a form where each permutation is explicitly UV convergent. Fol- 
lowing Ref. [22], we use the U( 1 ) gauge covariance condition p3Bl]PZ'a~(pl, P2, P3 ) = 0 
to obtain 
~IIP~a~ (Pl , P2, P3 ) (2.4) 
HP~'a'I (Pl, P2, P3 ) = -P3B t~p3a 
The presence of the extra derivative with respect to P3 makes the r.h.s, of (2.4) explicitly 
UV finite. Then .A4 can be rewritten as 
.Ad -= -[elAap3,~fi(p') Ma.~(p3 )u(p ) , (2.5) 
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where, for the permutation i Eq. (2.2), 
MA/3(p3)=lel6f d4pl f d4p2 1 
(27r)4 q2p2p2(l 2 1~4~2 - -  m 2) (p~ _ m 2) 
[ 6llpVa3 (Pl, P2, P3 ) ] 
X L ~ ?/a(l J4+m)?/v(Ps+m)~/P" (2.6) 
It can be shown, see [22], that the contribution from the light-by-light scattering to au 
can be written as 
a~ght_by.light = 1 tr[ (# + m) Ma~(O) (# + m) [Ya, Yfl] ] • (2.7) 
48m 
The eight-dimensional integral in Eq. (2.6) of the two loops on muon momenta can be 
reduced to a five-dimensional one, two moduli and three angles, using the symmetries 
of the system. The integration over these variables has been done in Euclidean space. 
The integral in Eq. (2.3) brings in other integration parameters, the latter integral we 
also perform in Euclidean space. 
The momenta flowing through the three photon legs attached to the muon line run 
from zero up to infinity, covering both the perturbative and nonperturbative regimes of 
QCD. These two different regimes are naturally separated by the scale of the sponta- 
neous symmetry breaking A x _~ 1 GeV. In the region between Ax and say (4,,,5) GeV, 
the strong interaction contributions have to match the perturbative QCD predictions in 
terms of quarks and gluons. Hence, rigorously, one should calculate the low energy con- 
tribution to l I ;"~#(pl, P2, P3 ) and match this result with a perturbative QCD calculation 
of the high energy contribution. Here this is technically rather involved because of con- 
figurations with both high and low energy photon momenta. If the scale determining the 
bulk of the contributions to a/~ ght'by'light were around the muon mass we could attempt to 
make a pure low energy calculation that would saturate it. Were the contributions from 
the high energy perturbative r gion not negligible we would need a more sophisticated 
model suitable both in the low and intermediate energy regions. We have investigated 
this issue by putting relevant Euclidean ultraviolet cutoffs, labelled/z from now on, on 
the moduli of the momenta ttaching to the muon line in Eq. (2.6). 
Since, as said before, the momenta in the photon legs can run up to infinity any accu- 
rate calculation should incorporate the full external momenta dependence of 
l lpVa3(pl,P2,P3 ). This is clearly beyond the reach of the present state of the art 
of CHPT. Alternatively, one can rely on a good low energy hadronic model. We have 
chosen the Extended Nambu-Jona-Lasinio model. Reasons for that choice, definitions 
and main features of the model are in the next section. By using this model, we calculate 
light-by-light light-by-light the low energy contributions to au . We then study the saturation of au 
by the physics at scales below or around A, where A in our case is the physical cutoff of 
the ENJL model. Although it will turn out that the contributions from intermediate and 
high energy regions are not negligible, we shall be able to give a conservative estimate 
for them. This will be explained in Section 7. 
J. Bijnens et al./Nuclear Physics B 474 (1996) 379-417 
3. The ENJL model 
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For recent comprehensive r views on the NJL [23] and the ENJL models [24], see 
Refs. [25,26]. Here, we will only summarize the main features, notation and reasons 
why we have chosen this model. More details and some motivations on the version of 
ENJL we are using can be found in [27,28,32]. 
The good features of the ENJL model and its suitability for an accurate calculation 
of  ,.,light-by-light ,,~ were realized in Ref. [ 13]. In fact, in this reference the hadronic vacuum 
polarization to lowest order (ot/~r) 2 was calculated within the same ENJL model we 
use here, obtaining a good agreement (~ 15%) with the phenomenological result in 
Ref. [ 18]. This accuracy, enough for our purposes, is the maximum we can expect from 
our calculation. One of the conclusions of Ref. [ 13] was that the hadronic vacuum 
polarization to a~ saturates for energies around 1.5 GeV, which is still a reasonable 
scale where the model could be applied without introducing too much uncertainty. We 
shall see that in the light-by-light case the contributions from higher energies are not 
negligible. More comments on this are in Section 6. 
3.1. The model and determination of parameters 
The QCD Lagrangian is given by 
EQCD = E(~C D _ !/"~. f'~,/.L~, 4 v /zv  v , 
/2~c D = ~ { iy • (O/~ - iv u - ia/zy5 - iG/~) - (34 + s - ipys ) } q. (3.1) 
Here summation over colour degrees of freedom is understood and we have used the 
following short-hand notation: ~ = (g, d, 2), G.  is the gluon field in the fundamental 
SU(Nc) (Nc=number of colours) representation, G/,. is the gluon field strength tensor 
in the adjoint SU(Nc) representation, vu, au, s and p are external vector, axial-vector, 
scalar and pseudoscalar field matrix sources, and 34 is the quark-mass matrix. The 
ENJL model we are using corresponds to the following Lagrangian: 
L;ENJL =/2~C D+ 2 , ,  Z (q/R~/L)@/LqR) 
i,j 
- i  i --* R)] (3.2) - -gvZ [(F{LYUq[) (qLYuqL) + (L ~ • 
i,j 
Here i, j are flavour indices, ~gR,L = ½ ( 1 4- Y5) ~ and 
8~2Gv(A) 4~rZGs(A) 
gv = NcA2 , gs -- NcAZ (3.3) 
The couplings Gs(A)  and Gv(A)  are dimensionless and O(1) in the l /Nc expansion 
and summation over colours between brackets in (3.2) is understood. 
The Lagrangian/2~c o includes only low frequency (less than A) modes of quark and 
gluon fields. The low frequency modes of the gluon fields can be assumed to be fully 
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absorbed in the coefficients of the local operators or alternatively described by vacuum 
expectation values of gluonic operators. So at this level we have two different pictures 
of this model. One is where we have integrated out all the gluon degrees of freedom and 
then expanded the resulting effective action in a set of local operators with quark fields 
keeping only the first nontrivial terms in the expansion. The other picture is obtained 
when we only integrate out the short distance part of gluons and quarks. We then again 
expand the resulting effective action in terms of low energy local operators with gluon 
and quark fields. This is described in [26,27] and the best fits there correspond to 
the first alternative. Therefore, in the present work we will use (3.2) with all gluonic 
degrees of freedom integrated out. 
This model has three parameters plus the current light quark masses. The first three 
parameters are Gs, Gv and the physical cutoff A of the regularization that we chose to 
be proper-time. Although this regulator breaks in general the Ward identities we impose 
them by adding the necessary counterterms (both in the anomalous [29] and in the 
nonanomalous sectors). The light quark masses in A4 are fixed in order to obtain the 
physical pion and kaon masses in the poles of the pseudoscalar two-point functions 
[28]. The values of the other parameters are fixed from the results of the fit to low 
energy effective chiral Lagrangians obtained in [27]. They are Gs ~- 1.216, Gv ~- 1.263, 
and A = 1.16 GeV from Fit 1 in that reference. Solving the gap equation, we then obtain 
the constituent quark masses: Mu = Ma = 275 MeV and Ms = 427 MeV. 
3.2. Advantages and disadvantages of the model 
The ENJL model is a very economical model that captures in a simple fashion a lot of 
the observed low and intermediate energy phenomenology. It has also a few theoretical 
advantages. 
(i) The model in Eq. (3.2) has the same symmetry structure as the QCD action 
at leading order in 1~No [30]. Notice that the U(1)A problem is absent at this 
order [31]. (For explicit symmetry properties under SU(3)L x SU(3)n of the 
fields in this model, see Ref. [27].) In the chiral limit and for Gs > 1 this 
model breaks chiral symmetry spontaneously via the expectation value of the 
scalar quark-antiquark one-point function (quark condensate). 
(ii) It has very few free parameters. These are unambiguously determined from low 
energy physics involving only pseudo-Goldstone bosons degrees of freedom [27]. 
(iii) It only contains constituent quarks. Therefore, all the contributions to a given 
process (in particular to a~,) are uniquely distinguished using only constituent 
quark diagrams. Within this model there is thus no possible double counting. In 
particular, the constituent quark loop contribution and what would be the equivalent 
of the meson loop contributions in this model are of different order in the 1/Nc 
counting [13]. This shows clearly that there is no double counting here. As 
described in [27], this model includes the constituent-quark loop model as a 
specific limit. 
(iv) Two-point functions are given by the general graph depicted in Fig. 2. The re- 
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(a) (b) 
Fig. 2. The graphs contributing to the two point-functions in the large Nc limit. (a) The class of all strings 
of constituent quark loops. The four-fermion vertices are those in Eq. (3.2). The crosses at both ends are the 
insertion of the external sources. (b) The one-loop case. 
summation of strings of constituent quark bubbles for two-point functions, au- 
tomatically produces a pole in all main spin-isospin channels within the purely 
constituent quark picture. This is qualitatively the same as the observed hadronic 
spectrum. 
(v) It provides a reasonable description of vector and axial vector meson phenomenol- 
ogy. 
(vi) Some of the short distance behaviour is even the same as in QCD. For instance, 
the Weinberg sum rules [36] are satisfied. This allows in some cases for a good 
matching with the short distance behaviour, see below for an example. 
(vii) The major drawback of the ENJL model is the lack of a confinement mechanism. 
Although one can always introduce an ad hoc confining potential doing the job. We 
smear the consequences of this drawback by working with internal and external 
momenta lways Euclidean. 
The techniques used here together with more phenomenological issues are treated 
in Refs. [27,28,32,33] and reviewed in [26]. Some applications to other nonleptonic 
matrix elements can be found in [34] and [35]. The general conclusion is that within 
its limitations the ENJL-type models do capture a reasonable amount of the expected 
physics from QCD, its symmetries, their spontaneous breakdown and even some of its 
short distance information. 
As mentioned before, the Weinberg sum rules [36] are satisfied. This is a very 
important point and is another of the reasons why we have chosen this model. These 
relations are needed to obtain good matching between the low energy behaviour and 
the high energy one. As an example, they are essential for the convergence of the 
hadronic contribution to the electromagnetic 7r + -7r  ° mass difference [37]. Models 
to introduce vector fields like the Hidden Gauge Symmetry (HGS) [38] do not have 
this good intermediate behaviour for some choices of the parameters. The choice of 
parameters in the HGS model used in [ 19] to calculate am is affected by this problem. 
For instance, the contribution to the above mass difference in the HGS model up to a 
cutoff v is [39] 
2 2 3 ~r m~r~ -- m~.o = ~ [(1 -- a )v  2 -  aM2v log (M2 /v2) ] , (3.4) 
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where a is a parameter of the HGS model. This obviously diverges badly for a = 2, 
which is the value chosen in [ 19]. The same problem is avoided in the ENJL model 
[321. 
3.3. The present usage 
We will use the ENJL model as a model to fairly describe in the large Nc limit strong 
interactions between the lowest-lying mesons and, if needed, external sources. This is a 
tree-level loop model with an explicit cutoff regularization for one-loop arts. What we 
mean by a tree-level loop model is the following: a general set of external sources is 
connected via full chains, like the one depicted in Fig. 2, to one-loop diagrams which 
are also glued through full chains or four-fermion ENJL vertices. These are the leading 
contributions in 1/No It is at this level that the hadronic properties of this model have 
been tested. To go beyond this level one would have to include other operators not 
suppressed at the next-to-leading order in 1/Nc in the ENJL Lagrangian. At that level 
one also encounters the problem of regularizing overlapping divergences in the model. 
This is the reason why we shall only apply the ENJL model to calculate the low energy 
large Nc contributions to a right'by-light 
Since one of the issues that motivated this calculation was the apparent not fulfilling of 
Ward identities in previous calculations (see comment in [ 18] ), we want to emphasize 
here that this model possesses chiral symmetry and the necessary counterterms are added 
so that n-point Green functions fulfill both anomalous and nonanomalous Ward identities 
[28,29]. For instance, the calculation in [ 19] assumes ordinary VMD for the anomalous 
sector. It was shown in [29] that this VMD breaks the anomalous Ward identities and 
one needs for subtractions to restore them. This is particularly important for the flavour 
anomaly contribution to the hadronic light-by-light scattering. We want to point out also 
that in the ENJL model we are using both anomalous and nonanomalous sectors are 
described by the same set of parameters. This is not the case for HGS models where 
consistency between parameters in both sectors is not obvious. 
4. Low energy large Nc contributions 
In this section we discuss the low energy contributions that appear at large Nc within 
the framework of the ENJL model [ 13]. For a general contribution, as can be seen in 
Eqs. (2.6) and (2.7), we have to compute the derivative of the generalized four-point 
function HPva/3(pl,p2,p3) in Eq. (2.3) with respect to P3a at P3 = 0. The Lorentz 
structure of this four-point function and some other technical aspects of its calculation 
are in Appendix A. Since we are dealing with the low energy contributions to ajz, we 
shall only consider the lightest quark flavours: up, down and strange. Contributions from 
heavier flavours are discussed in Section 7. In the ENJL model there are two classes 
of contributions to the generalized four-point function IlP~'~#(pl, P2,P3). The first one 
is a pure four-point function (see Fig. 3a). The second one, which we call three-point- 





P2 ~ r q 
W,Lpy 
(b) 
Fig. 3. The two classes of hadronic light-by-light contributions to a~ at leading O(Nc). (a) The four-point 
functions class. (b) The product of two three-point functions class. The dots are ENJL vertices. The circled 
crossed vertices are where photons connect. The cross-hatched loops are full two-point functions and the lines 
are constituent quark propagators. 
like function contributions, can be regarded as two three-point functions glued with 
one full propagator (see Fig. 3b). Within this framework, it clearly appears that these 
two classes of contributions to the generalized four-point function HO~(pt ,  P2,P3) 
are different and therefore should be summed up [ 13]. The pure four-point function 
corresponds to the so-called quark loop contribution and the three-point-like function 
contributions to the meson pole exchange in the language of Ref. [ 19]. We remind that 
in our framework both classes of  contributions to HP~(p] ,  P2, P3) are calculated to all 
orders in the CHPT expansion. 
4.1. Pure four-point function contribution 
This contribution is diagrammatically represented in Fig. 3a. In the CHPT expansion 
the lowest order contribution is order p8, thus potentially sensitive to the high energy 
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region. The momenta ssignment shown in the figure is the one corresponding to the first 
permutation. Whenever we give explicit expressions these are the ones corresponding to
this permutation. The other five permutations are done analogously. 
The pure four-point function is formed by a one-loop constituent quark vector four- 
point function -HP~#(Pl,P2,P3) with the same Lorentz and flavour structure as the 
four-point function in Eq. (2.3) with the three vector legs attaching to the muon line 
dressed with full vector propagators. These are the cross-hatched blobs in Fig. 3b. The 
circled crosses vertices in the figure are where the photon lines connect. In the large Nc 
limit there is either a constituent up, down or strange quark running in the loop. For 
a given quark flavour, this contribution to llP'~(pl,p2,P3) can be written using the 
methods of [28] as 
1 -Ipva3 (P l ,  P2,  P3 ) = -Habcd (P l ,  P2,  P3 ) ~abcdppotfl ( P l ,  P2,  P3 ) q- "" ' , ( 4.1 ) 
with 
{ gaPM2v(_q2 ) _ qaqp~ f gbVM2v(_p2 ) _ pbp[ ,~abcdpuctfl (pl, P2,P3) -  \ ~ ~ _ q 2  J \ ~ - - p - ~  J 
/gC"M2( -2) 2 "){gd#MZv(--P~) pdpt~)( 4 [ V --t'2 - -PzP2  -- 3 3 
x \  ---~v(_--~2 ) _ p2 ~k ~ ; Z ~ 
3 .2) 
Dots stand for other possible contributions to IlPY~(pl, P2, P3 ). The indices a, b, c, d, e, 
f stand in the remainder for Lorentz indices. The function M2( -p  2) corresponds to 
either gin, dd or gs flavour structure and can be found in Ref. [28]. Notice that the 
full vector propagators in the ENJL model have the same form as in VMD models but 
with a momentum dependent "vector mass". See the discussion in [28] about meson 
dominance in ENJL models. 
After summing over all the six possible permutations of the external momenta only 
the terms proportional to guy tensor survive because of the U(1) gauge invariance. This 
leads then to the phenomenological VMD rule of replacing the propagator of a photon 
with momentum p by 
guy M2 (4.3) 
p2 M2v _ p2 ' 
thus implying that this rule preserves the Ward identities after summing over all the 
permutations. 
We compute the one-constituent quark loop following the analysis in Appendix A and 
using a proper time regulator with a physical cutoff A. 
. . --abcd 
The contribution o f / /  (Pl, P2, P3 ) in Eq. (4.1) to a~z can be decomposed in terms 
of 32 independent amplitudes (see Appendix A). After integrating over the momentum 
running in the loop, these amplitudes will be integrals over the three Feynman parameters 
introduced by the standard procedure of reducing the four internal propagators toa power 
of one propagator. Moreover, after taking the derivative with respect o P3a at P3 = 0, 
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Table 1 
The results from a pure fermion loop compared with known numerical and analytical results. The known 
result for the electron loop has been partially analytically evaluated in [40], while the quoted values for the 
muon loop and the constituent quark loop are respectively analytical and numerical results of [ 16]. 
Cutoff/x a~z X 10 7 au x 10 9 au X 10 9 
(GeV) Electron loop Muon loop Constituent quark loop 
0.5 2.41(8) 2.41(3) 0.395(4) 
0.7 2.60(10) 3.09(7) 0.705(9) 
1.0 2.59(7) 3.76(9) 1.10(2) 
2.0 2.60(6) 4.54(9) 1.81(5) 
4.0 2.75(9) 4.60(11) 2.27(7) 
8.0 2.57(6) 4.84(13) 2.58(7) 
known results 2.6252(4) 4.65 2.37(16) 
one of the Feynman parameters can be integrated out analytically. The general form of 
---,=;abcd , 
each one of the 32 functions in l i (Pl,P2,P3) for a constituent quark of flavour i 
contributing to a~ ghtby-light is thus 
1 1--x 




_ )2  M2(x,y) z M~ x(1 -x ) (p i+p2)  2 -y (1 -y  p2+2xy(P I+P2) 'P2,  (4.5) 
and 
F2(e) = (1 +e)e  -~. (4.6) 
Here Mi  is the constituent quark mass with flavour i. The Feynman parameters x and 
y, together with the other five degrees of freedom for the two external muon loops 
in Eq. (2.6), produce a seven-dimensional integral that we perform using the Monte 
Carlo routine VEGAS. The numerical results of this contribution will be discussed in 
Section 6. 
As a check we have reproduced the results for the constituent quark and muon loops 
in [16] and the electron loop result in [40]. This is the calculation using (4.1) with 
VabcdpvaB =gapgbvgcagdB. We have also rescaled the relevant masses. For the constituent 
quark mass we have used MQ = 300 MeV. The results are in Table 1. The numbers in 
brackets are the VEGAS quoted errors. The last row gives the known results. Within the 
numerical uncertainty of our calculation the agreement is good. It should be remarked 
that there are cancellations present at high energy. These contributions make the estimate 
numerically more uncertain for higher values of the cutoff/z. As can be seen, the electron 
loop has essentially reached its final value at a cutoff of 500 MeV. The same is not true 
for the muon loop or the constituent quark loop. The muon loop reaches its asymptotic 
value essentially at a cutoff of about 2 GeV. The constituent quark loop reaches its 
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asymptotic value above 4 GeV. We have also calculated the same quantities for a few 
higher cutoffs and observed their stabilization within the numerical error. These sample 
calculations how that a proper study of the cutoff behaviour for the more difficult to 
estimate complete hadronic ontribution is definitely necessary. 
4.2. Three-point-like function contributions 
This class of contributions i  diagrammatically represented in Fig. 3b. There are two 
permutations of the vector legs for each of the two three-point functions. In addition there 
are three possible sets of two momenta out of the four external vector legs momenta. 
This makes twelve possible permutations to be considered for three-point-like function 
contributions. The momenta shown in the figure are the ones corresponding to the first 
permutation. Whenever we give explicit expressions these are the ones corresponding to
this permutation. The other eleven permutations are done analogously. 
In this case we have two one-loop three-point functions with two vector legs, each 
one glued with a full two-point function that can be either pseudoscalar, scalar, mixed 
pseudoscalar-axial-vector, or axial-vector. For intermediate vector two-point functions 
the result is zero because of Furry's theorem. Three of the vector legs here are then 
attached to the muon line with dressed full vector propagators just as in the case of the 
pure four-point function discussed in the previous ection. Again, in the large Nc limit, 
there is either an up, down or strange constituent quark running in the loop. Technically 
we have used two different approaches to calculate this type of contributions. One is 
using the Ward identities for the four-point function IIP~"~(pl, P2, P3). In this way one 
light-by-light has to determine the 32 amplitudes of IlP~'~#(pl ,PE,p3) contributing to au , see 
Appendix A. The other way is constructing explicitly the complete llP~#(pl,P2,p3) 
starting from the three- and two-point functions. Here one relies on the Ward identities 
for three-point functions. As a check we verified that both ways agree exactly. 
In what follows we study each type of exchange (scalar, pseudoscalar nd axial- 
vector) separately. 
As an additional numerical check we have also calculated the pion exchange con- 
tribution with vector meson dominance of the rho meson in the vector legs and when 
the anomalous vertices are from the order p4 Wess-Zumino effective action. Our result 
agrees exactly with that in Eq. (4.1) of [21] which quotes -55.60(3) × l0 -11. 
The two-point function involves the integration over one Feynman parameter and each 
one of the two three-point functions the integration over two more Feynman parameters. 
These integrals have been evaluated using Gaussian integration. To obtain at,, one has to 
convolute these three-point-like contributions with the five-dimensional space integral of 
the external two muon loops in Eq. (2.6), which has been performed using the Monte 
Carlo routine VEGAS. The numerical results for these contributions will be discussed 
in Section 6. 
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4.2.1. Scalar exchange 
For the scalar exchange, the lowest order contribution in the CHPT expansion is order 
pS. This contribution to liP~/3(pl,p2,p3) can be written as 
I lP~(Pi  ,P2,P3) = Ha~S(Pl, r)gs (1 + gsllS(r)) HsaW(p2,p3) 
X ))abcdpl, ctfl (Pl, P2, P3 ) +""  , (4.7) 
where );abcdp"~/Z(pl ,P2,P3) has been defined in Eq. (4.2) and r = P2-+-P3. The full two- 
point function l iS(p) can be found in Ref. [29] and the one-loop three-point functions 
--WS - -  W 
l iu.  (p, q) and T-~ (p, q) are in Appendix B. Eq. (4.7) can be understood as follows: 
gs (1 + gslIS(r)) is the scalar propagator connecting the two vertices ~ (P2, P3) and 
H~bws(pl, r). The whole diagram is then glued to the external photon lines with the 
vector propagators given by ))abcdp,~/3. 
4.2.2. Pseudoscalar exchange 
For the pseudoscalar exchange the lowest order contribution in the CHPT expansion 
is order p6. This, together with the fact that it involves two flavour anomalous vertices 
points out that this contribution could be the leading one. Considering as part of the 
pseudoscalar exchange all those terms proportional to a pseudoscalar propagator, this 
contribution also includes the pseudoscalar-axial-vector mixed terms. Its expression is 
given by 
--WP Ilcd (P2, P3) IIPVafl(Pl ,P2,P3) = IIab (Pl, r) (1 + gsliP(r))--ew 
--VVP --AW 
--gVliab (Pl, r) lie~ (r) liucd (P2, P3 ) 
--WA el.t " _r) -~cT(p2,P3) ]-gv Ilabu(pl,r)lI ( 
×gs ~)abcdp~'afl (Pl, P2, P3) + "'" , (4.8) 
where ~;aOcdp,,,~# (P l, P2, P3) has been defined in Eq. (4.2) and r = P2 +P3. The full two- 
point functions He(p)  and liP(p) and the one-loop three-point functions HuP~W(p, q) 
and -Hy(p,q)  can be found in Ref. [28]. See Eq. (B.5) in Appendix B for the explicit 
expression. The mixed two-point function l l~(p) can be written as [28] 
l iP(p) -- ip~H~(p2 ) . (4.9) 
Since both the WA and the AW one-loop three-point functions are multiplied by r~, we 
use the one-loop anomalous Ward identity in Eq. (4.24) of [28] and the prescription 
given in [29] to rewrite Eq. (4.8) as 
liP~aB (Pl ,P2,P3) = gs-HaWa~ (Pl, r) (1 + gsHP ( r) - 4gvMiHP ( r2) ) 
×~cP~ (P2, P3 ) ,~abcdp~,afl (Pl, P2, P3 ) 
Ilab (p l , r )  licd (P2,P3)lp~=l,~=r2__O) 
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x(r, M2(_q2) pC_V. -- e_21~ 1 ~ oC~ gd/3 
\ M2(-q 2) -- ~ ,] \ --~v(---~l)-P2 j6  
I MI=MQ ~ --cd 
q- ~/abwe(pl,r ) p~=r2=q2___oj llpw(P2'P3) 
/CAM2 ( 2)__c  ~) f gd/3M2(_p2 ) pdpP)] xgapgbu [ g ""w--P~ , -- P2P2 --__3 3 
\ M2v(-P~)-p22 \ -M-~v(--~3)-p2 
+- . . ,  (4.10) 
where Mi is the constituent quark mass for the quark with flavour i and MQ its value 
in the chiral limit. The first two lines above come from applying naive Ward identities 
to the axial-vector leg, while the remaining contributions are the subtractions needed 
--Pi,V 
to fulfill the anomalous Ward identities. In addit ion, / /~ (p, q) contains subtractions 
also determined by the anomalous Ward identities [28]. See Eq. (B.6) in Appendix B. 
The expression (4.10) also shows that the pseudoscalar exchange contribution always 
contains at least one vector meson propagator. Due to this fact and the presence of 
the subtractions in (4.10), the 7r°y*y * vertex goes to a constant when the vector legs' 
Euclidean momenta re very large. Therefore, although this contribution when summed 
over all possible permutations i  convergent by itself because of gauge invariance (see 
Section 2), the subtraction terms make it very slowly convergent. We know that in QCD 
the 7r°y*y * vertex goes like 1/Q 2 at large Euclidean momentum [41]. This behaviour 
is also supported by the measured ¢r°yy * form factor in the Euclidean region at CELLO 
[42] and CLEO-II [43] detectors. This indicates again that although this model gives 
the right contribution for energies below or around A, it breaks down above. We shall 
estimate the intermediate and high energy region contributions for the pseudoscalar 
exchange in Section 6. 
Although the present section is devoted to the large Nc contributions, it is worth to 
discuss the main 1/Nc corrections to the pseudoscalar exchange at this point. These 
are the effects of the U(1) a anomaly and were already included in the erratum in Ref. 
[20]. In the chiral limit and in the large Nc limit there are nine pseudo-Goldstone 
bosons [31]: ~-+, 7r °, K ±, K °, ~-0, r/8 and r/l. Under flavour SU(3) they transform 
as a nonet multiplet. However nonet symmetry is broken by l/Nc effects due to the 
U( t)A anomaly. These effects cause the isospin zero mass eigenstates to become the 
r/ and r/t states. They also increase the mass of the r/~ meson to 958 MeV. These 
1/N~ corrections are thus quite relevant o the pseudoscalar exchange. We have taken 
them into account by using the physical 7r °, r/ and r /mass  eigenstates as propagating 
states. This already gives the bulk of the effects of the U( 1)A anomaly. Higher order 
corrections are negligible and within the quoted error. The results of using either flu, 
dd, and ~s basis of states for the large Nc limit or the physical ~0, r} and ~7 ~ basis are 
given in Section 6. 
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4.2.3. Axial-vector exchange 
For the axial-vector exchange, the lowest order contribution i  the CHPT expansion 
is order pS. This contribution to//oP'~#(pl, P2, P3 ) can be written as 
17p~B(pl,P2,p3) =_gv-~a(pl , r )  (gef__ gViiAf (r) ) ~fc~(P2,P3) 
X ~ 7abcdp~etfl (Pl, P2, P3 ) + ' "  • , (4.11 ) 
where ])abcapuaC~(pl,p2,P3) has been defined in Eq. (4.2) and r = P2 + P3. The full 
axial-vector two-point function H~(p)  can be found in Ref. [28] and the one-loop 
--WA --A W 
three-point functions Hu~,(p,q) and Hu~(p,q) are in Appendix B. 
Using the one-loop anomalous Ward identity in Eq. (4.24) of [28] and the prescrip- 
tion given in [29] for the terms in (4.11), where r u multiplies either the WA or the 
AW three-point functions, we can rewrite (4.11 ) as 
--WA ef (1 gvr2II~Al)(--r2)) Hfcd(p2,p3) IIPVa~(Pl ,PZ,P3) = --gvHab e(Pl, r)g + --aw 
×vabcJP~'(pl,p2,p3)- 2g 2 (//(A0)(--r 2) + H(AI)(--r2)) 
I (gapM2v(-q2) -- qaqp) (gb~M~(_p~) _ p~.p[ >( 
--WP ---~pl, M'=M(2 I 
xMiHab (Pl, r) - MQHwp (Pl, r) p2=r2=q 2=0 
) 
x ~ (gC~M2(-P~! - pCp~'~ ( gdBM2(--P~) 2 P3P3d ~ ,~ 
--PVV --a13 Mi=MQ "~ 
× MiIlcd (Pz, P3 ) - MQFI ew(p2,  p3 ) p~=p2=r2__O ~ 
÷' ' '  • (4.12) 
The expression for the two-point axial amplitudes //~A0)(--r z) and //~Al)(--r 2) can be 
found in [28]. The kinematical pole of the transverse part at r 2 = 0 disappears in the 
combinations 1 + gvr21I~A1) ( - r  2) and //CA0)(--r2 ) ÷ //(Al)(--r2). The last combination 
contains a pseudoscalar p opagator which is often included in the pseudoscalar exchange 
contribution. 
5. Low energy next-to- leading in 1/Nc contributions 
In this section we discuss the low energy next-to-leading in 1/Nc contributions to 
light-by-light 
au . In the previous sections we have discussed the low energy large Nc con- 
tributions in the context of the ENJL model. We included the effects of the U(1)A 
anomaly which are next-to-leading in 1/Nc as well. Here we address the calculation 
of the other O(1) corrections in the 1/Nc expansion. In the language of the ENJL 
model, these corrections are given by loops of strings of quark bubbles. They contain 
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one closed loop of a string of bubbles like the one in Fig. 2a. This loop is then con- 
nected in all possible ways to the photons using strings of bubbles. In a mesonic picture 
they correspond to one meson loop contributions. This meson loop can then substitute 
any one-loop constituent quark (bubble) in diagrams in Figs. 3a and 3b. We end up 
with two classes of O( 1 ) contributions. The 1/Nc next-to-leading corrections to the full 
two-point functions, i.e. to meson masses and couplings and the 1/Nc next-to-leading 
corrections to the three- and four-point one-loop functions, i.e. to vertices. In fact, the 
major 1~No correction to pseudoscalar two-point functions, namely the U( 1 )A anomaly, 
was already estimated in Section 4. The other 1/Nc corrections to two-point functions 
should be small since the phenomenological analysis in Refs. [27,32] and [28] fits very 
well. We thus expect hese to be already included in the error of the model for the large 
Nc results. Therefore, we shall only consider here the l/Nc corrections to the vertices. 
Unfortunately, at present, these type of contributions cannot be fully treated in the 
ENJL model. Some of the reasons were given in Section 3. In its present form the ENJL 
model we are using is just well defined in the large Nc limit. However, the fact that 
these type of contributions are of different large Nc counting with respect o the ones 
treated in Section 4, permits the separate treatment we follow below for them. 
Four-point functions can be also calculated at very low energy within CHPT [45]. In 
this regime the relevant degrees of freedom are the lowest pseudoscalar mesons, while 
vector, axial-vector and scalar resonances have been integrated out. Their effects are 
included in the couplings of the CHPT Lagrangian [46]. CHPT becomes then a good 
tool to study strong interactions of the lowest pseudoscalar mesons with external sources. 
In this framework we need both v*P+P- and 7*y*P+P - vertices, where P is pion or 
kaon 3. The first vertex is well known phenomenologically and VMD models give a very 
good description of it. On the contrary, not much is known phenomenologically about 
the second one. This fact induces a large model dependence since one can construct 
many models satisfying the relevant Ward identities and with different degrees of VMD. 
One can use for instance the HGS model as in [ 19], where there is no complete VMD 
for the y*7*P+P - vertex. We shall discuss this contribution i  a complete VMD model 
both for ~*P+P- and ~*y*P+P - vertices. This is done inspired by the form of the 
O(Nc) contributions in the ENJL model. 
In previous ections we have seen that the most general expression for the four-point 
function HP~/3(pl, P2, P3 ) at (9(Nc) in the ENJL model contains the one-loop four- or 
three-point-like functions, which give the lowest order in the CHPT counting, multiplied 
by the ENJL vector meson propagators in Eq. (4.2). Inspired by this behaviour we 
saturate the (.9(1) contribution by one loop of charged pion or kaon mesons using 
lowest order CHPT photon-pion vertices, i.e. O(p2),  multiplied by the ENJL vector 
meson propagators in (4.2). The main difference with a full ENJL calculation here is that 
we substitute the momentum dependent pion mass and coupling by their experimental 
values. 
3 Contributions from vertices with more photons start at higher order in CHPT and are therefore suppressed 
with respect to the contributions of ),*P+P- and y*y*P+P-. 
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To understand the sensitivity to the momenta dependence of the vector meson propaga- 
tors we have numerically studied the difference between the case with vector propagators 
containing a constant vector mass and the case with a momentum dependent one. Each 
choice gives a different high energy behaviour of the photon-pion vertices. 
For the pseudo-Goldstone bosons loops contribution to ]lPVaB(p 1 , P2, P3), the lowest 
order in the CHPT counting is order p4. This-also points out that this contribution could 
be dominated by lower energy regions than the other contributions analyzed in previous 
sections which started at order p6. Since we are including as propagating states only 
the lowest pseudoscalar mesons and the rho vector, our approach will be only valid for 
energies below or around 1 GeV. Above this energy axial-vector mesons become also 
dynamical states. The saturation of this contribution from physics at scales around l GeV 
can only be confirmed a posteriori. The numerical results concerning this contribution 
are presented in Section 6. 
We now proceed to analyze in more detail the two types of possible contributions: 
the pure four-point function and three-point-like function contributions. In particular, the 
three-point-like contributions can be seen as the diagram in Fig. 3b where one or both 
one-constituent-quark loop three-point functions are replaced with charged pion or kaon 
loops. Due to parity, the intermediate two-point function glueing the two three-point 
functions can be either vector or scalar. The vector contribution is again zero because 
of Furry's theorem (this can be better verified in the ENJL inspired diagrams where 
the vector legs couple to fermion lines). The scalar contribution we expect o be very 
much suppressed like in the O(Nc) case (see numerical results in Section 6). The 
important point here is that there are no anomalous contributions since now we have 
mesons running in the three-point functions. This makes this contribution to be in the 
range of the expected CHPT counting and not anomalously arge as we obtained for the 
69(Arc) pseudoscalar exchange. 
Therefore we only estimate the dominant pure four-point function contribution to 
HP~#(p l ,p2 ,p3)  in Eq. (2.3). This can be seen as the diagram in Fig. 3a where the 
one-loop constituent quark four-point function is now a loop of pseudoscalar mesons. It 
can be written as 
- -  bcdpva~ I IP~"~(Pl,P2,P3) = II~bcd(Pl,P2,P3) V a (Pl,P2,P3) + "'" , (5.1) 
where [[abcd (Pl, P2, P3 ) is the 49( 1 ) in 1/Nc contribution from charged pion and kaon 
loops using lowest order in CHPT photon-pion vertices. For that, we compute at lowest 
order in CHPT the quark vector current appearing in the definition of f lP~B(pl  ,P2, P3 ) 
[45], 
Va~(x) ~ iQa ([~r+(x),DU~r-(x)] + [K+(x) ,DUK-(x) ] )~a , (5.2) 
where the subscript aa means that we take the aa component in flavour space. Due to 
the covariant derivative DuP - OuP - ile] [Au, P],  the term above gives rise both to 
P+P-31* and P+P-3/*T* vertices. Of course, the full contribution to HP~#(pl ,  P2, P3 ) 
at a given order in CHPT, in this case O(p2), has to be gauge covariant. We construct 
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the one-loop four-point function Habcd(Pl, P2, P3), following again the analysis in Ap- 
pendix A, where we need to determine the 32 independent amplitudes that contribute to 
the  a~ ght'bylight. These amplitudes have always the Lorentz indices saturated by external 
momenta indices. Notice that vertices with one photon are proportional to external mo- 
menta, while vertices with two photons are proportional to g~, tensors. Thus we only 
need to compute the UV convergent amplitudes and reconstruct the contribution from the 
two-photons-two-mesons vertices by using gauge invariance. The full meson one-loop 
with order p2 vertices explicitly satisfies the chiral and U( I )  gauge Ward identities. In 
fact the amplitudes one gets for the 32 independent functions are very similar to the 
ones found in the one-loop constituent quark amplitudes in Eq. (4.4). The general form 
we obtain for them is 
l 1 - -x  




)2  M2(x,y) ~m~ - x(1 - x)(pl  +p2) 2 - y(1 - y P2 + 2xy(pl  + P2) 'P2 (5.4) 
and mp is the mass of the pseudoscalar meson P. The one-loop meson pure four-point 
function is multiplied with the propagator in (4.2) to give the full four-point function 
of Eq. (5.1). 
If the one-loop four-point function satisfies the Ward identities, as it does, also the 
full four-point function (5.1) will satisfy them since 
qu (gU~M~ - qUq~') =q~ (M2v- q?) , (5.5) 
independently of whether My is momentum dependent or not. As we already said 
for the one-loop constituent quark loop contribution, after summing over all possible 
permutations of the three vector legs, only the terms proportional to g~ in (4.2) sur- 
vive since the meson one-loop four-point function satisfies the Ward identities. This 
leaves the phenomenologically VMD rule in Eq. (4.3) to work here tOO 4 . This elim- 
inates the worries about the fulfilling of chiral symmetry when using this substitution 
[18,191. 
That this procedure is fully chiral and U(1) gauge invariant can be seen simply by 
constructing a Lagrangian with full electromagnetic gauge and chiral invariance and that 
has complete VMD for both yP+P-  and yyP+P-  vertices. The following Lagrangian 
contains couplings of pions and photons to all orders in external momenta nd reproduces 
the full VMD amplitude without inducing any extra vertices of photons and pseudoscalar 
mesons: 
4 In fact, the complete VMD we are using is identical to the so-called naive VMD model in Refs. [ 16,19] 
which therefore does not break either the chiral Ward identities orthe U( 1 ) electromagnetic covariance. 
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I 2 tr (~9/,UD/'U t + UX t) £VMD = ~f~ + xU t 
+ Z iantr [(D2nDuLu,)U*D~U + (D2"D/~Ru,)UDvU t] 
n>O 




The 3 × 3 flavour matrix U contains the pseudoscalar meson fields [45] and 
DuU = O/~U - i(v u + au)U + iU(v u - a/,) . (5.7) 
Here v u, a u are external vector and axial-vector fields, while the field X = 2 BoAd + ... 
contains the current quark mass matrix NI. The photon field is contained in v u. 
The field strengths R(L)u~ are constructed out of the fields r(l)/~ = v/~ + ( - )a  u. The 
covariant derivatives act on R(L)u~ as follows: 
DaR( L)/,, = 3~R( L)g, - i[r(1)~, R( L)uu] . (5.8) 
The form of the terms in (5.6) has been chosen such that there are no vertices with three 
or more photons interacting with pions generated. The first line is the lowest order CHPT 
Lagrangian. The second line contains one- or two-photons couplings to pseudoscalar 
mesons while the last line contains only two-photons couplings to pseudoscalar mesons. 
The vertex for a charged pion with incoming momentum p and a photon with outgoing 
momentum k and polarization e~ is given by 
{ 2 } i[e l(2p-k)" gu"+(k2gu"-kuk~')~Za"(-k2)" . 
n>o 
The first term is the lowest order vertex. With the choice 
(5.9) 
a.  , (5.10) 
this reproduces the phenomenological omplete VMD behaviour for the T*P+P- vertex. 
But notice that any VMD-like M2v(k2)/(M2v(k2) - k 2) behaviour, with M2v(0) # 0, as 
the one obtained in the ENJL model can be reproduced by choosing the an appropriately. 
I.e., 
2 1 
Za"  ( -k2)"  - M2v( k2 ) _ k2 . 
n>_0 
(5.11) 
We now turn to the y*y*P+P- vertex. If  the two photons outgoing momenta re k~ 
and k2 and their polarizations e u and e v, respectively, that vertex is given by 
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e 2 
2ie2gu~, + 4i---~ (k21g~, - klukl~) ~ an (-k2) " 
n>_O 
e 2 +4i~" (k29gu~, - kz/~k2~,) Z an (-k~) n 
n>_O 
e 2 
-2 i - -  (k~g~ - k, .kr)  (k~g~. - k2~k2.) 
X Z brim [ (-k2)n (--k2)m'q- ( -k2)n (-k2)m] ' (5.12) 
n,m>0 
Here we see that, keeping gauge and chiral invariance fully satisfied, this vertex is rather 
unconstrained. The choice bnm = 0 reproduces the HGS model used in [ 19,21] with 
a = 2. The difference between that model and the complete VMD model only starts at 
order p6 in the chiral counting. 
A large number of other choices are however possible. In particular the choice 
2 
b,~,,, = ---~a,,a,,, (5.13) 
reproduces the complete VMD amplitude for y*y*P+P- used in this work. Again 
depending on the coefficients an, one can have the ENJL vector meson propagator  any 
other one like the phenomenological omplete VMD mentioned above. For comparison 
we use both, see Section 6. It is also possible to add chiral invariant erms that will 
produce a direct dependence on kl • k2. This last possibility is realized by adding terms 
like 
(D2nD/3D~L.~) U* (D2mTD, D~R..)  U. (5.14) 
The numerical results for the pseudoscalar mesons loops contribution are discussed 
in Section 6. 
6. Numerical results 
In this section we give the numerical results for the low energy calculation of the 
hadronic light-by-light contributions to au presented in Sections 4 and 5. 
We first analyze the result for the large Nc limit calculation including the effects of 
the U( 1 )A anomaly as explained in Section 4. Since we are dealing with a low energy 
model, as mentioned before, it is necessary to study the dependence on a high energy 
cutoff/~ on the vector legs' momenta. 
For the seven-dimensional integral of the pure four-point function (or one constituent 
quark loop) contribution, we used a statistics of 20 iterations with 105 points in the 
Monte Carlo routine VEGAS, while for the two muon loops five-dimensional integral of 
the three-point-like function contributions we used a statistics of 20 iterations with 5000 
points in the same Monte Carlo routine. This statistics is equivalent to the one used in 
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Table 2 
Results for the order Nc constituent quark loop and pseudoscalar exchange hadronic light-by-light contributions 
to a u in the ENJL model 
Cutoff/z ag × 101° from a~ × 101° from a# x 10 l° from a~, × 10 j° 
(GeV) constituent quark pseudoscalar exchange ~r °, "r/and r/I exchanges sum 
in Fig. 3a O(Nc) in Fig. 3b O(Nc) + U(1)A 
0.5 0.78(0.01 ) -14.2(0.1 ) -4.8(0.1 ) -4.0 
0.7 1.14(0.02) -19.4(0.1) -6.8(0.1) -5.7 
1.0 1.44(0.03) -24.2(0.2) -9.0(0.1 ) -7.6 
2.0 1.78(0.04) -33.0(0.2) -12.6(0.2) - 10.8 
4.0 1.98 (0 .05)  -39.6(0.6) - 15.0(0.2) - 13.0 
8.0 2 .00(0 .08)  -46.3(1.5) - 17.6(0.4) - 15.6 
the seven-dimensional integral case. For the two- and three-point functions needed in 
these three-point-like contributions we used Gaussian integration with an accuracy of 
10 -6" 
6.1. Pure four-point function 
In Table 2 we have listed the leading hadronic light-by-light O(Nc) contributions to 
a~, i.e the pure four-point function in the second column and the pseudoscalar exchange 
three-point-like function in the third column, as a function of the cutoff together with 
the errors quoted by VEGAS. Since the integrand is rather irregular, this error estimate 
is somewhat on the small side (see also [47] ) and will be largely superseded by the 
error in our final result. 
For the bare constituent quark loop, the result only stabilizes at a rather high value 
of/z.  For instance, for a bare quark loop with a constituent quark mass of 300 MeV, 
the change between a cutoff of 2 GeV to a cutoff of 4 GeV is still typically 20%. The 
change from 0.7 GeV to 2 GeV is typically a factor of 1.8. These are the results quoted 
in column 4 of Table I. The changes for our more realistic ENJL model four-point 
function can be judged from the results in Table 2, column 2. It still has a significant 
change between 1 and 2 GeV cutoff. This invalidates the use of any low energy model to 
calculate accurately the complete hadronic light-by-light contribution to a~. The bulk of 
these contributions does not come from the dynamics at scales around the muon mass as 
it is often stated. This also explains the rather high sensitivity to the damping provided 
by the vector two-point functions as seen in [ 16]. Mostly due to its electric charge 
and heavier mass, the contribution of the strange quark flavour is much smaller (around 
0.04 × 10 - l°)  than that of the up and down quarks shown in Table 2. This value is 
within the quoted VEGAS error for up and down quark contributions. In Section 7 we 
give an estimate of the intermediate and high energy one constituent light quark loop 
contributions and the heavier quark flavours contributions. 
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Table 3 
The ~r a exchange contribution to a~ for the ENJL and the point-like Wess-Zumino vertex, damped with two 
vector propagators for the ~r °, r/and r/'. 
Cutoff At a~ × 10 l° a~z × 10 l° a~ × 101° a~ × 1010 
(GeV) ENJL Point-like-VMD (~.0) 7/ r/I 
0.4 -2.84(2) -2.70(1) -0.425(1) -0.266(1) 
0.5 -3.70(3) -3.46(2) -0.616(2) -0.399(2) 
0.7 -5.04(4) -4.49(3) -0.923(3) -0.631(2) 
1.0 -6.44(7) -5.18(3) -1.180(4) -0.847(3) 
2.0 -8.83(17) -5.62(5) -1.37(1) -1.03(1) 
4.0 -10.51(37) -5.58(5) -1.38(1) -1.04(1) 
6.2. Pseudoscalar three-point-like function 
For the three-point-like function contributions we have done the same study of the 
cutoff dependence as for the four-point function contribution. In particular we find 
that at large Nc the contribution of the pseudoscalar exchange is more than one order 
of magnitude larger than the others. The reason this contribution is so different can 
be traced back both to the presence of two flavour anomaly vertices and the CHPT 
counting. It therefore deserves more attention. In fact, the pseudoscalar exchange has 
important next-to-leading corrections from the effects of the U(1) a anomaly that leave 
light-by-light the 7r ° exchange as the dominant contribution to a~, . First we give in column 3 
of Table 2 the result strictly to leading order in 1/Nc from the u, d and s flavours. 
We have taken into account he effects of the U( l )a  anomaly by using the physical 
7r °, r/ and ~7' mass eigenstates as propagating states instead of the ~u, dd and ~s 
in the large Nc limit. This includes the main effect of the U(1)A anomaly which is 
in the differences of the masses of the pseudoscalar ~7 and r/' mesons. In the 7r °, 
~7 and r/' basis, the contribution from the pion intermediate state has a charge factor 
[ ( (2 /3)  2 -  ( -  1/3) 2)/v/2] 2 compared to a single quark of charge one. We thus multiply 
the ENJL pseudoscalar exchange result of column 3 in (2) by this factor to obtain the 
~.0 contribution from the ENJL model listed in column 2 of Table 3. 
The r/ and r/' contributions we cannot estimate directly within the ENJL model. 
What we have done is the following. Since the main effect is in the propagator of the 
exchanged pseudoscalar meson, the ratio of the 7r ° exchange contribution to the r /or  r/' 
contribution has to be in good approximation model independent. So we have taken the 
ratio from the point-like Wess-Zumino Lagrangian with full vector meson dominance 
and multiplied the ENJL 7"r ° contribution by them to get the r/ and r/' contributions. So 
to get the fourth column in Table 2 we sum the last three columns in Table 3, multiply 
by the 2nd column and divide by the third one. This is our estimate for the combined ~.0, 
r/and "q' contributions. For the calculation of the last three columns in Table 3 we have 
used pOyy couplings such that the experimental decay rates pO ~ yy are reproduced 
and a vector meson mass of 0.78 GeV. That gives ratios that vary from 16% at/z = 0.4 
GeV to 25% at/z = 4.0 GeV for the ratio of the r/contribution to the 7r ° one and from 
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Table 4 
Results for the order Nc scalar and axial-vector exchange badronic light-by-light contributions to a~, in the 
ENJL model 
Cutoff/z a~, x 10 l0 from a u x 10 I° from au x 10 j° 
(GeV) scalar exchange axial-vector exchange sum 
(-9(Nc) in Fig. 3b O(Nc) in Fig. 3b 
0.5 -0.22(0.01 ) -0.05(0.01 ) -0.27 
0.7 -0.46(0.01 ) -0.07(0.01 ) -0.53 
1.0 -0.60(0.01 ) -0.13 (0.01 ) -0.73 
2.0 -0.68(0.01 ) -0.24(0.02) -0.92 
4.0 -0.68(0.01 ) -0.59(0.07) - 1.27 
10% at/z = 0.4 GeV to 19% at/z = 4.0 GeV for the ratio of the 7? ~ contribution to the 
¢r ° one. 
We find for the pseudoscalar result less stability at high values of the cutoff/z than 
for the quark loop contribution. Although the change from 0.7 GeV to 2 GeV is also 
around 1.8, the stability is worse for cutoff values above 4 GeV. Notice also that the 
error from the integration routine VEGAS is larger for these values of the cutoff. The 
poor stability in the pseudoscalar exchange is mainly due to the subtraction terms we 
need to obtain the correct SU(3) flavour anomaly. We shall give in Section 7 an estimate 
of the intermediate and high energy contributions to the pseudoscalar exchange term. 
We finally give in the fifth column of (2) the sum of the second and fourth columns. 
6.3. Other three-point-like functions 
Both scalar and axial-vector exchanges in three-point-like function contributions are 
much smaller than our final error. Their results for up, down and strange quark flavours 
are in Table 4. The scalar contribution has obviously stabilized. The axial-vector one 
has large cancellations and becomes numerically unstable for a cutoff of 8 GeV. We 
have therefore not quoted the values for this cutoff. 
6.4. Pion and kaon loops (O(1) in 1/Nc contributions) 
The results for the dominant contributions of order 1 in 1/N¢ are in Table 5. We have 
saturated this contribution by the physics of pion, kaon and rho mesons as explained in 
Section 5. Therefore, we need to verify if these contributions really saturate for energies 
below the axial-vector mass. For this, we have studied the cutoff dependence by varying 
the Euclidean cutoff/z. For these contributions we used a statistics of 10 iterations 
with 106 points in the Monte Carlo routine VEGAS. As can be seen in Table 5, the 
charged pion loop contribution saturates around 2 GeV, while the kaon loop contribution 
saturates around 4 GeV. From Table 5 we see that the change between the result at 
1 GeV and the result where it stabilizes is less than 20% so we conclude that the 
approximation we are doing works to this accuracy, which is good enough in view of 
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Table 5 
Results for the order 1 in the 1 ~No expansion charged pion and kaon loops hadronic light-by-light contributions 
to au 
Cutoff/z au × 10 l° from au X 1010 from a u x 10 l° 
(GeV) pion loop in Fig. 3a kaon loop in Fig. 3a sum 
0.5 -1.20(0.03) -0.020(0.001) -1.22 
0.6 -1.42(0.03) -0.026(0.001) -I.45 
0.7 -1.56(0.03) -0.034(0.001) -1.59 
0.8 -1.67(0.04) -0.042(0.001) -1.71 
1.0 -1.81(0.05) -0.048(0.002) -1.86 
2.0 -2.16(0.06) -0.087(0.005) -2.25 
4.0 -2.18(0.07) -0.099(0.005) -2.28 
our final uncertainty, see Section 8. The intermediate and higher energy contributions 
for this case are discussed in the next section. The results in Table 5 are obtained using 
ENJL vector mesons propagators for the vector legs. We have also used vector meson 
propagators with a constant vector mass of 768 MeV and in this case the charged pion 
plus kaon loop contributions to a~ ght-by'light saturate arlier (at /z = 0.8 GeV ) with a 
value around - 1.65 × 10 -t°. 
The HGS model with a = 2 was used in Refs. [ 19,21 ] to calculate this contribution. 
We see from (3.4) that the HGS in the nonanomalous sector and for a = 2 has a 
wrong high energy behaviour when matching QCD in the 7r + -7r  ° mass difference. See 
the negative u 2 correction to the logarithmic behaviour there. This also tends to lower 
the contribution to au too much when vector mesons are added. This is important in 
the charged pion and kaon loop contributions where the P+P-y*y*  has an unknown 
high energy behaviour. We have adopted the criterion of using a complete VMD model 
inspired by the O(Nc)  ENJL model. As shown in Section 5, this does not break any 
Ward identity. This choice has, at least, a good high energy behaviour for two-point 
functions, e.g. Weinberg Sum Rules are fulfilled. This is not true for the HGS model 
with a = 2. See also [34] where the 7r + - 7r ° mass difference is calculated within this 
model. The result of the HGS model can however not be excluded with these arguments. 
6.5. Sum of  low energy contributions 
Adding the contributions calculated before we get the low energy contribution to au 
as a function of the cutoff/z. These are the final results for the low energy contribution 
estimated within the simplest version of the ENJL model. We will present other estimates 
in the next section. The results are in Table 6. The ENJL model we have used is a good 
low energy hadronic model which works within 20% up to energies (0.4,-~0.6) GeV 
depending on the channel. We observe from the results in Table 6 that higher energy 
contributions are certainly not negligible. The estimation of those contributions i  the 
subject of  the next section. We conclude from this section, 
a/zlight.by-light.~,/.L = 0.5 GeV) = -5 .5(1 .5)  × 10 -1° . (6.1) 
.I. Bijnens et al./Nuclear Physics B 474 (1996) 379-417 405 
Table 6 
The contribution to a~ from the low energy domain. The error is the one of the various contributions given 
by VEGAS and added in quadrature 




2.0 - 14.0(0.2) 
4.0 - 16.6(0.2) 
The error includes five times the integration error from VEGAS and the estimated model 
dependence added in quadrature. This is rather small for the dominant pseudoscalar 
exchange contributions, as is shown by the small changes in the various models presented 
in the next section. At these energies the main error is from the model dependence of 
the pseudoscalar meson O( 1 ) contribution which we estimate to be 0.8 × 10 -1° to cover 
the results in [ 19,21] as mentioned above. 
7. Intermediate and high energy contributions 
In this section we estimate the hadronic contributions from intermediate and high 
light-by-light energy regions to au . Here we are already outside the applicability of the ENJL 
model that we have only used for the low energy region. 
We want to make a general comment regarding the use of the ENJL factor M2v(_p2)/ 
(M2v(_p2) _p2)  at large Euclidean scales. If we naively 5 send the Euclidean 02 = 
_p2 ___, e<z, then this factor becomes 1. Therefore the photon x vector propagator in 
Eq. (4.3) goes to zero as 1/Q 2 in the ENJL model while in a VMD model it goes to 
zero as M2v/Q 4. This difference will not affect very much the calculation since at low 
energies where we apply the ENJL model, both vector meson propagators behave very 
similarly. 
7.1. Pure four-point function 
In the case of the constituent quark loop contribution one can still obtain an estimate 
of the higher energy contributions, e.g. by mimicking the high energy behaviour of 
QCD by a bare constituent quark loop with a mass of about 1.5 GeV. This gives only an 
additional correction of 0.24(1) x 10 -I°. Using the results of [ 16] this scales like I /M 2 
with M the quark mass. We have checked this behaviour as well. Here the mass of the 
heavy quark acts as an infrared cutoff so that this heavy bare quark loop is mimicking 
the QCD behaviour for a massless quark with an IR cutoff around 1.5 GeV. We take this 
number both as the value and the uncertainty due to the high energy region contribution 
5 Notice that this cannot be done in the ENJL model since is only valid for energies JPl << A. 
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for the three light flavours. In fact, we can simply assume that /~ = M and add the 
ENJL contribution up to the scale b* to the bare quark loop contribution with mass M 
in the loop. This leads to a total light-quark contribution of 2.2, 2.0, 1.9 and 2.0 (times 
10 -1°) for a matching scale/z = M of 0.7, 1, 2 and 4 GeV, respectively. 
We estimate the charm quark contribution with a bare quark loop. If we damp it 
with c~ meson dominance propagators in the photon legs it will be somewhat smaller. 
This contribution is also small (about 0.2 x 10-1°). Therefore we obtain for the total 
contribution from the pure four-point function part, 
au(quark-loop) =2.1(0.3) x 10 -1°. (7.1) 
7.2. Pseudoscalar three-point-like function 
Here we will only discuss the estimate of intermediate and high energy contributions 
from the pseudoscalar exchange since this is the dominant hadronic contribution to 
a~ ght'by-light. As seen in Section 6 all others are much smaller and changes there will not 
affect our result significantly. 
This contribution can be seen as the convolution of two pOy, y, vertices with both p0 
and photons off-shell and in the Euclidean region (see Eq. (4.10)). Let us summarize 
what we know about this form factor. The 7r°y*y form factor has been measured at 
CELLO [42] and CLEO-II [43] for values of the Euclidean invariant photon mass Q2 
above (0.8) 2 GeV 2 and below (2.8) 2 GeV 2. These are the data points in Fig. 4. As 
we mentioned before, we know that in QCD the 7r°y*y * vertex has a 1/Q 2 asymptotic 
behaviour when one of the photon legs Euclidean momentum is very large [41]. This 
is supported by the phenomenological analysis of J /~  decays in the same reference, 
where one finds that the asymptotic behaviour predicted by QCD works reasonably well 
from scales around the J /~  mass. 
The chiral anomaly only fixes the pOyy form factor at (.Q(p4), and this is fulfilled 
by the ENJL model form factor. To estimate the pseudoscalar-exchange int rmediate 
and high energy contribution to a u, what we have done is to find a phenomenological 
parametrization that interpolates between the ENJL form factor, which is supposed to 
work well below 0.5 GeV, and the measured 7roy,y form factor for Euclidean energies 
above 0.5 GeV and with its asymptotic behaviour predicted by QCD at large Euclidean 
momentum. Notice that what we really need is the 7r°y*y * form factor as we said above. 
Unfortunately no data are available for this form factor. 
Different parametrizations give quite different contributions to a u for cutoffs larger 
than 0.5 GeV. A lower limit would be the results from the point-like Wess-Zumino 
vertex without vector meson dominance. This assumes that the pion remains point-like 
at all relevant scales. Its contribution to a u is given in column 2 of Table 7 for the 7r0 
exchange. The logarithmic behaviour as a function of the cutoff is clearly visible here. 
The results from the ENJL model we used for the low energy contribution are in column 
2 of Table 3. As can be seen even at a cutoff of 0.5 GeV the effect of the damping in 
the ENJL model is already very important. 
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Table 7 
The zr ° exchange contributions above/z = 0.5 GeV in various parametrizations of the zr°y*y * vertex that fit 
the data for the ~oy,y, vertex 
Cutoff/z a# x 10 l') a# x 1010 ap, x 1010 a# × 10 m (t# × 10 m 
(GeV)  Point-like ENJL-VMD Point-like-VMD Transverse-VMD Transverse-VMD 
0.5 -4.92(2) -3.29(2) -3.46(2) -3.60(3) -3.53(2) 
0.7 -7.68(4) -4.24(4) -4.49(3) -4.73(4) -4.57(4) 
1.0 -11.15(7) -4.90(5) -5.18(3) -5.61(6) -5.29(5) 
2.0 -21.3(2) -5.63(8) -5.62(5) -6.39(9) -5.89(8) 
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Fig. 4. The ~r°y*y form tactor. At high energies the curves from top to bottom are: ENJL, ENJL-VMD, 
point-like-VMD and transverse-VMD. The data points are obtained from scaling the TPC/Two-Gamma r/ 
results [44] (circle), the CELLO results [42] (crosses) and CLEO-II results [43] (squares). The horizontal 
error bars are 0.1 GeV for the TPC/Two-Gamma nd CELLO data and 0.05 GeV for the CLEO ones. 
Both these parametrizations (ENJL and point-like Wess-Zumino vertex) do not fit 
the measured data points for the 7r°9,'3, form factor above (0 .5~0.6)  2 GeV 2 for the 
Euclidean photon invariant mass, see Fig. 4. 
The simple point-like Wess-Zumino vertex plus VMD fits the 7r°30 ,* data at high off- 
shellness reasonably well (see Fig. 4) .  This we call point-l ike-VMD parametrization and 
the results of the ~.0 exchange contribution to a~ are quoted in column 4 of Table 7. This 
parametrization is suppressed in both photon propagators and could be too suppressed 
for both photons far off-shell. It can thus be taken as an upper limit for the 7r ° exchange 
of  this type of contribution for high Euclidean momenta. As another prescription to 
interpolate between the low energy ENJL form factor and the measured form factor 
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we can multiply the subtraction terms in the ENJL model p0y, y,  form factor with 
ENJL vector meson propagators, M2( -p  2) / (MZ(-p2) _ p2), in all photon legs, this 
we call ENJL-VMD parametrization. This is somewhat too hard at very high energies 
but reproduces the form factor data at intermediate momenta reasonably well. The zr ° 
exchange contribution to a/, for this parametrization is in column 3 of Table 7. We 
observe that both point-like-VMD and ENJL-VMD parametrizations give numerically 
very similar contributions to a u. Another parametrization f the ~oy, y, amplitude that 
also fits the qr°y*y form factor data is the following: 
Nc a .  ~,,~13 ~ 2 2 
• ~UU(pl,p2) =---f-~t~61r Pl,~P2~F(pl ,p2,q 2) , (7.2) 
with 
m 2 
p(p~,p~,q2) =(1 -ga( - -q2) )  M2 - (P, _ p2)2 
+ 1 - (1 -ga( -q2) )  M2_  (Pl -P2)  2 F(p~'P~'q2) 
x M2(_p21) _ p~ M2v(_p~) _ p~. (7.3) 
The form factor 2 2 2 F(p l ,pz ,q2)  is defined in Appendix B, Eq. (B.6), gA(--q 2) and 
M2(_p2)  in Ref. [28]. It fits the data when the "mass" M varies within 0.6 < M < 1.4 
GeV. The results for this pararnetrization that we call transverse-VMD are in columns 5 
and 6 of Table 7 for a "mass" M of ~ and 1 GeV, respectively. 
In general, we obtain that the parametrizations that fit the data also match the ENJL 
low energy result at 0.5 GeV reasonably well (compare Tables 3 and 7). This supports 
the low model dependence error for the lower than /x = 0.5 GeV energy domain 
pseudoscalar exchange contributions. 
We estimated the effects of ~7 and r/' in the same way as was done in the previous 
section. 
Let us analyze the pseudoscalar exchange contributions from scales higher than 4 
GeV. The QCD behaviour predicted in [41] goes like 1/Q 2, where Q2 is the invariant 
Euclidean mass of the off-shell photon. This Q2 dependence suppresses the high energy 
contributions more than the point-like Wess-Zumino vertex damped by complete VMD 
propagators. In this last case we see that the contributions from energies above 2 GeV 
are negligible. So we consider those from above 4 GeV negligible. 
We do not take the simple ENJL model as given in the previous section but the 
parametrizations that fit the form factor data. Since their results are very similar, we av- 
erage the result for the point-like with VMD factors, the ENJL-VMD and the transverse- 
VMD with M = 1 GeV at 4 GeV. This is our final result for the pseudoscalar exchange, 
a~(pseudoscalar exchange) = -8.5(1.3) x 10 -x° . (7.4) 
Here the error is estimated as about 15%, This includes all the models mentioned except 
the pure ENJL result. 
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Table 8 
Results for the axial-vector exchange in the ENJL-VMD parametrization 
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Cutoff  b~ a F, × 1010 from axial-vector 
(GeV) exchange O(Nc) in Fig. 3b 
0.5 -0.04(0.01 ) 
0.7 -0.06(0.01 ) 
1.0 -0.10(0.01 ) 
2.1) -0.15(0.01) 
4.1) -0.35 (0.04) 
7.3. Other three-point-like functions 
Since the contribution of the scalar exchange is smaller than the final error of the 
dominant pseudoscalar meson exchange, we quote for it 
au(scalar) =-0 .68(0 .2 )  x 10 - l°  , (7.5) 
without making any further estimate of the suppressed higher energy contributions in 
this case. There are in any case no point-like subtractions here that would have produced 
large possible changes. 
For the axial-vector exchange contribution we have done an analysis similar to the 
pseudoscalar one. We analyzed the simplest ENJL model in Section 6 and we can do 
the analog of the ENJL-VMD model as well. This corresponds to removing the VMD 
factors in Eq. (B.15). The results for the ENJL-VMD form factor is in Table (8). 
Taking into account hat there are cancellations which cause VEGAS to underestimate 
the error at the scale of 4 GeV, we take as the final result for the axial exchange, 
a~(axial-vector) =-0 .25(0 .1 )  x 10 -1°. (7.6) 
7.4. Pion and kaon loops (O(1) in 1/Nc contributions) 
As explained in Section 5, we have saturated the O(1) contributions with charged 
pion and kaon loops modulated by vector meson propagators for the vector legs. Since 
our model is only valid for energies below the axial-vector mass, we take the difference 
between the result at/z = 1 GeV and where it stabilizes as an estimate of contributions 
from resonances heavier than 1 GeV running in the loop. These contributions are higher 
order in the chiral counting and suppressed by inverse powers of the mass of these 
resonances. Therefore, we take them as an estimate of the intermediate and high energy 
contributions for this O(1) in the 1~No expansion contribution. For the (9(1) in the 
1/Nc expansion contributions to a~, we thus quote 
( light-by-light~ =-1.9(1.3) x 10 - l°  a~ z JO(ll ' (7.7) 
where we have taken as central value the result at/~ = 1 GeV and as error the high energy 
contribution as estimated above plus five times the VEGAS error added in quadrature. 
410 J .  Bijnens et al./Nuclear Physics B 474 (1996) 379-417 
There is an extra 0.8 added linearly to the error because of model dependence, see 
comments in Section 6 about its origin. It also includes an educated guess of the 
(_9(1/No) corrections and the rest of the 69(l) contributions. 
8. Discussion of results and conclusions 
Our final estimate for the hadronic light-by-light contributions to a~ and main result 
of this work is the sum of the partial contributions in Eqs. (7.1), (7.4)- (7.7), 
a~ ght'by-light = -9.2(3.2) × 10 -1°. (8.1) 
The error is obtained by adding linearly the error of each contribution. This is because 
we are essentially using the same model for all contributions so the error is likely to be 
in the same direction for all contributions. This results in a 35% error which we believe 
takes adequately into account he model dependence error of this calculation. This result 
improves and substitutes the one in Ref. [20]. There we took as first estimate the result 
in Ref. [ 19] for the (.9(1) in the 1/Nc expansion contributions. Here, we have given an 
estimate for it and a more detailed analysis of the high energy contributions has been 
performed. We also performed a more detailed study of the r/and r/t effects. 
We want now to present he result in (8.1) by explicitly splitting the different contri- 
butions. First, separating the high and the low energy contributions we get 
a~ ght-by-light = (--5.0 - -  4.2) x 10 - l° , (8.2) 
where the first number is the lower than/z = 0.5 GeV contribution (for definiteness in
the ENJL-VMD model, the others range from -5 .0  x l0 - l° to -5.5 x l0 -1°) and the 
second the higher. Here one can see that the intermediate and higher energy contributions 
are certainly not negligible and a~ ght'by'light does not saturate at low energies as assumed 
in [15,16]. 
It is also interesting to see how well the 1/Nc expansion works in this case. The 
leading 1/Nc result is about -22  x l0 -1°, so the 1/Nc correction is about 50%. Notice, 
however, that most of it is from the U( 1 )A anomaly contribution which does not appear 
at order 1/N~. The 1/Nc expansion works thus OK. 
Finally, we see that all contributions except for the pseudoscalar one cancel to a 
large extent. The part from the pseudoscalar alone is -8.5 × 10 -t°. We see clearly 
the dominance of the pseudoscalar exchange. Notice however the large cancellations 
occurring between the four-point-like function contribution and the pion and kaon loops 
ones, namely (2.1 - 1.9) x 10 -l°. This is possible since the pion loop is suppressed 
by l/Nc but dominant in the chiral counting while the other is suppressed by the chiral 
counting but leading in 1/Nc. 
Since the works [ 15] and [16] have been updated and/or corrected by [ 19], we 
refer to this last one for the comparison with other works. The authors of [ 19] get as 
final result 
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a~ ght-by'light = -5 .2(1.8)  x 10 -10 . (8.3) 
The main differences from the results in [19] are the following. The ~7 ~, scalar and 
axial-vector exchange contributions were not included there, this amounts to 
( -1 .11 - 0.68 -- 0.25) x 10 -1° = -2.04 x 10  -10  . (8.4) 
They have to be certainly included. 
Another difference comes from the different estimation of the pseudoscalar meson 
loop (.9(1) in 1/Nc contribution. We have essentially used complete VMD for the 
P+P-y*y* vertices for different reasons, see Sections 5 and 6 for a detailed explanation. 
The numerical difference with [ 19] for this contribution amounts to 
-1.45 x 10 - l° .  (8.5) 
We have taken into account his model dependence by adding linearly an extra factor to 
the error in (8.1). 
The rest of the numerical discrepancy is small ( -0 .5  x 10 -1° ) and due to several 
causes: simplifications in [19], VEGAS numerical uncertainty . . . . .  Its smallness is 
gratifying and reflects the low model dependence of the rest of the contributions. 
Our calculation establishes that the contribution to au from light-by-light scattering is 
negative and relatively large. It is one half of the electroweak corrections [4]. This result 
is between two and three times the aimed experimental uncertainty at BNL. Although we 
believe our error estimate is conservative, it has an unsatisfactory uncertainty that will 
be difficult to reduce because of model dependence. This is mainly in the pseudoscalar 
exchange and the pseudoscalar meson loop contributions. Despite this uncertainty, the 
estimate in (8.1) is still an important theoretical result for the interpretation f the muon 
g - 2 measurement a  the planned BNL experiment. 
Adding the theoretical calculations of the Standard Model contributions to a u in Eqs. 
(1.2)-(1.5),  (1.7) and (8.1) gives the following present heoretical estimate for the 
muon g - 2: 
th 116591821"16) x 10 - l°  a u = , , (8.6) 
where the quoted errors for different contributions are added in quadrature. Using for 
the full photon vacuum polarization insertion in the electromagnetic muon vertex the 
result in (1.6) instead of the one in (1.5) 6 gives 
th 11659168(11) × 10 - l°  au = . (8.7) 
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Appendix A. Construction of 1-I pj'al3 
In this appendix we give the general Lorentz structure of 11P~#(Pl, P2,P3) defined 
in Eq. (2.3). See Fig. 1 for the definition of the momenta. This four-point function can 
be decomposed by using Lorentz covariance as follows: 
11p~,a/~ (Pl, P2, P3 ) ~ 111 (Pl, P2, P3 )gppga~ d- I12 (Pl, P2, P3 )gpagV~ 
H-113 (pl, P2, P3 ) gP~ g pa 
+HUk (p,, P2, P3) gP~P]P~ + II2J~ (P l, P2, P3 ) gO~P~P~k 
d_H3jk fl 1, a (Pl,P2,P3)g p P)Pk q- II4jk(pl,PE,P3)g~P~'P~ 
afl P t, q-115"ik(pl,P2,P3)g~'PP;P~ q- II6Jk(Pl,P2,P3)g P iPk 
ijkm p ~, fl tr 
d-11 (P l ,PE ,Pa)P iP )PkPm,  (A.1) 
where i,j, k,m = l, 2 or 3 and repeated indices are summed. There are in total 138 11- 
functions. Not all of them are independent since they are related by Ward identities. In 
fact, when all possible permutations of the vector legs contributing to IIPZ'aB(p 1,P2, P3 ) 
are summed, U( l )  gauge covariance l ads to the following Ward identities: 
P l 1,1-IPPafl (P 1, P2, P3 ) = P2,~ 11puaB (p l ,  P2, P3 ) 
= p3#11PVaB(pl,P2,P3) = qpIIPVa#(pl,p2,p3) = 0. (A.2) 
The extensive use of these relations makes possible to express the amplitudes 
//1'2'3(pl ,p2,P3) and IIlJk"'"6Jl~(pl,P2,P3) in terms of 11ij•(pl,P2,P3). The fact that 
we can write down everything in terms of//ijkm (P l ,  P2, P3 ) is again telling us that the 
light-by-light scattering contribution to a~ is a finite quantity. We just have to calculate 
the UV safe 11ijkm(pl ,P2,P3) amplitudes using, for instance, a cutoff regularization 
scheme like proper-time. This regulator introduces the physical cutoff A of the ENJL 
model, see Section 3. 
The amplitudes I I ijkm (P l ,  P2, P3 ) are not the minimal set of independent amplitudes. 
We can still reduce it further with some additional Ward identities. However, we shall 
not use all of them and leave some as checks on the resulting IIP~'~B(pl ,p2,P3). Since 
the quantity we need to compute is the antisymmetric part of Ma#(0) in Eqs. (2.6) and 
(2.7), which contains the derivative of I IP~'aB(p l ,P2,P3)  with respect o P3a at P3 = 0, 
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we can reduce the number of needed amplitudes to H 3jkm (Pl, P2, P3 ), Hi3km (Pl, P2, P3 ), 
H 03m (Pl, P2, P3 ) and the derivatives of H ijkl (Pl, P2, P3 ) - H ijk2 (Pl, P2, P3 ) with respect 
to P3a at P3 = 0. Here i, j, k, m = 1 or 2, so that we need 32 functions. This is the set 
of amplitudes which we will use in all our calculations. 
Appendix B. Three-point functions 
In this appendix we give the three-point functions needed in Section 4. Barred three- 
point functions are the one-constituent-quark loop ones. From Eqs. (4.7), (4.10) and 
(4.11) we see that we only need barred three-point functions, therefore we only give 
the explicit expression for them. The full three-point functions can be obtained using 
the methods explained in [28] in a straightforward manner. We only will give the 
contribution to the three-point function given by the clock-wise orientation of the internal 
quark lines. The other orientation is taken into account in the permutation of the external 
vector legs, see Section 2. 
Let us start with the SW three-point function. This is defined as 
SW ./d4x.ld4yei(pl.x+p2.y) (OlT(siJ(o) kl mn 11~ (Pl, P2 ) --= fl V~ (x)V" (y))]0),  (B.1) 
with v~i(x) =_ [gli(X)y~qj(x) ] and ski(y) =_ --[glk(X)q(X)l]. Summation over colour 
between brackets is understood and Latin indices are flavour indices. Owing to the 
Lorentz covariance this three-point function can be decomposed as follows: 
HSW(pl ,P2) ---- HI (Pl ,P2)PluPI~, + H2(Pl ,P2)PI#P2u 
+//3 (Pl, P2 )PZuPl ~, +/ /4  (Pl, P2 ) P2uP2*, + 115 (Pl, Pz) g~zz, •
(B.2) 
We shall use the Ward identities for three-point functions to write down I15(pl,p2) 
in terms of the Hi(p l ,P2) ,  i = 1 . . . . .  4 amplitudes which are UV finite. We compute 
the corresponding barred functions -Hi(pl, P2), i = 1 . . . . .  4 with the standard Feynman 
parametrization technique and using proper-time r gularization. This regulator introduces 
the physical cutoff A, see Section 3. The WS three-point function can be obtained from 
this one using the identity 
rtWSCpl ,p2) = Hsw( - (m + (B.3) 
The anomalous PW three-point function is defined as 
H~u (Pl P2) zi2 d4x dgyei(pvx+p2.v) (0IT ,i , l  m. , - (P (O)V~ (x)V/, (y ) ) IO) ,  (B.4) 
with PO(x) ==_ [gli(x)iysqj(x)]. It was calculated in the ENJL model in Ref. [28]. 
With the same notation as there, we get 
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--+ Nc • -fl -p F t -2 n2 2 2 
II~v(Pl,P2) = ~ ~v#p/'l/'2 t / ' l , t '2,q )~/ / ,  (B.5) 
where M i is the flavour i constituent quark mass. Function (B.5) is the one-loop con- 
stituent quark (barred function) contribution with clock-wise orientation of the internal 
quark line to the three-point function (B.4). The function F(p2,p 2, q2) is 
^ 2 2 2 2 F(p2,p2,q 2) = 1 - *?3 (M~, 0, 0, 0) + 13(M i ,Pl ,P2,q ) ,  (B.6) 
where MQ is the constituent quark mass in the chiral limit and 
1 1-x 
f f I ' I (M2(x'y) /A2) ^ 2 2 2 2M2i dx dy M2(x,y )I3( Mi ,Pl ,P ,q 2) = , (B.7) 
o o 
where 
MZ(x,y) =- M 2 - x(1 - x)p 2 - y(1 - y)p2 _ 2xypl " P2, (B.8) 
A is the physical cutoff, see Section 3, and 
F1 (e) = e -~ . (B.9) 
Notice that in Eq. (B.6) we have given the constituent quark mass dependence that 
was not explicit in Ref. [28]. In Eq. (B.7) we have corrected an obvious misprint in 
Ref. [28]. 
Again the WP three-point function can be obtained from the PW one by symmetry, 
H~Wf (pl,P2) = I I~W(-(p l  + p2) ,p l ) .  (B.lO) 
The anomalous AW three-point function is defined as 
AW .Id4x_fd4yei(p,.x+p2.y) ij kl m, H~w(p l ,p2) - - i  2 (OIT(Au(O)V; (x)V2 (y) 10), (B.11) 
with A~,(x) = [gli(X)y~,ysqj(x)]. The most general Lorentz decomposition i four 
dimensions of this three-point function is 
ill* va AW (Pl, P2 ) ~- ie ~zvaB (Pl/3H1 (Pl, P2 ) ÷ P2l~H2 (Pl, P2 ) ) 
+i•u"rap,~,p2a (p'~ H3(pz ,P2) + p~ H4(pl ,Pz)) 
+i•ua'raPleP26 (P[//5 (P l, P2 ) ÷ P~//6 (Pl, P2) ) • (B. 12) 
We have used the Schouten identities to eliminate redundant terms. These identities can 
be also used to relate this basis to the one used in [48]. As for the other three-point 
functions not all the amplitudes Hi(Pl ,P2), i = 1 . . . . .  6, are independent since they are 
related through Ward identities. In this case there are three Ward identities that reduce 
the six amplitudes to three independent ones. For the diagonal flavour case, the Ward 
identities for the two vector legs give 
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HI (Pl ,P2) =PZlI4(Pl ,P2) + Pl • p2II3(Pl,P2) , 
ll2 ( pl ,P2) = p 2 IIs ( Pl , P2 ) +Pl ' p2116 (pl , p2 ) • (B.13) 
The Ward identity on the axial leg relates the amplitudes H3(p~,p2), H4(Pl ,p2),  
HS(pl ,P2)  and H6(pj ,p2)  to the form factor of the ew H~, (Pl,P2) anomalous three- 
point function in (B.6). The explicit expressions for the corresponding barred AVV 
three-point function amplitudes (pulling out the flavour structure factor ~ln,~ni~jk) are 
1 l--x 
- - N e f f  x Y~, I (M2(x ,y ) /A2  ) H3(P l ,P2)  =-H6(P l ,P2)  = i'i'-~2 8 dx dy M2(x ,y  ) 
0 0 
1 1-x 
- -  N c 
H4(Pl,  P2) = ~--2--~2 8 f dx f dy ~-~-,~,--. , y( 1 - y) ['1 (MZ(x, Y) /A  2) 
107/" J j lVl-tX, y ) 
0 0 
1 l--x 
- -  Nc 8 dx dy P I (M2(x ,y ) /A  2) HS(Pl ,P2)  - 16,n.2 M2(x, y ) , 
o o 
(B.14) 
with M2(x ,y )  defined in Eq. (B.8) and 
M2(x, y) 
ffl (M2(x, Y) / A2) = M2(x ' y) _ M2 i 
[ × FI (MZQ/A 2) - 1 + S-~2"-Z-Y~,-~'TT-Z~ 
Mv( -P l  ) Mv( -P2  ) 
MZ(x ' y) _ M] 1"1 (M2 (x, y) /A2) . (B.15) 
The function M~/( _p2 ) can be found in [ 28 ] and each M2v ( -p]  ) in (B. 15) corresponds 
to the vector leg flavour numbers in (B.4). Again the WA three-point function can be 
obtained from the AW one by symmetry, 
WA A W lZ~.~(pl ,p2) = + , H~u,, ( - (P l  P2) Pl). (B.16) 
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